Abstract. In this article, we consider the representations of the general linear group over a non-archimedean local field obtained from the vanishing cycle cohomology of the Lubin-Tate tower. We give an easy and direct proof of the fact that no supercuspidal representation appears as a subquotient of such representations unless they are obtained from the cohomology of the middle degree. Our proof is purely local and does not require Shimura varieties.
Introduction
Let F be a non-archimedean local field, i.e., a complete discrete valuation field with finite residue field, and O the ring of integers of F . For an integer d ≥ 1, we consider the universal deformation space over (O ur ) ∧ , the completion of the maximal unramified extension of O, of formal O-modules of height d. It is called the LubinTate space. By adding Drinfeld level structures, we get a tower over it, which is called the Lubin-Tate tower.
Let k be a non-negative integer. Using the kth vanishing cycle cohomology of the Lubin-Tate tower, we obtain a representation of GL d (F )×D × ×W F , which we denote by H Theorem 1.1 (Theorem 3.5). For k = d−1, the GL d (F )-representation H k LT has no supercuspidal representation as a subquotient.
Actually, the theorem has already been proved; for the case char F = 0 it was due to P. Boyer [Bo1, Théorème 3.2.4] , and for the case char F = 0 it was remarked by G. Faltings [Fa] . See also [Bo2, Bo3] , where the GL d (F ) × D × × W F -representation H k LT is completely described for every k. These proofs are accomplished by relating the Lubin-Tate tower to an integral model of a certain Shimura variety or the moduli space of D-elliptic sheaves with level structures; hence they are somewhat indirect. It seems natural to look for a more direct proof. In this direction, there are some previous works; in [Yo] , T. Yoshida considered the "depth 0" case ( [Yo, Theorem 6.16 (ii)]); in [St] , under some finiteness assumptions ( [St, 4.2.7 (H) ]), M. Strauch gave a proof of Theorem 1.1 ( [St, Section 4.3] ). Our method is inspired by the paper [St] , but works unconditionally. The point is that we remain in the category of schemes, that is, we use neither formal schemes nor rigid spaces. We use Gabber's new result ( [Ga] ) in order to obtain the finiteness result needed for our proof.
We sketch the outline of this paper. In Section 2, we gather some general results on the nearby cycle cohomology of a complete local ring over a strict local discrete valuation ring. In Section 3, we recall definitions and notation concerning the LubinTate tower, and state our main result. In Section 4, we give a proof of our main theorem.
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Convention Every sheaf and cohomology are considered on theétale site of a scheme.
Complements onétale cohomology
Let V be a strict local excellent discrete valuation ring and put S = Spec V . We denote the closed (resp. generic) point by s (resp. η). For a scheme X over S, we write X s for its special fiber and X η for its generic fiber. Fix a prime number ℓ which is invertible in V and a positive integer n. Put Λ = Z/ℓ n Z. Let X be a scheme separated of finite type over S. For a closed point x of X lying over s, denote by A = O ∧ X ,x the completion of the local ring O X ,x and put
Proposition 2.1. For every integer k ≥ 0, the nearby cycle sheaf R k ψ X Λ is a constructible sheaf on X s .
Proof. Consider the following commutative diagram whose rectangles are cartesian:
Here η is a geometric point lying over η. Then by definition we have Rψ X Λ = i * Rj * Λ and Rψ X Λ =î * R * Λ. Since X is an excellent scheme, ϕ is a regular morphism. Therefore, by the regular base change theorem ( [Fu, Corollary 7.1.6 ], see also [Ri, Proposition 4 .5]), we have
Hence we have
Proposition 2.2. Let Z be a locally closed subscheme of X s . Then for every integer k, the local cohomology
is a finitely generated Λ-module.
Proof. By Proposition 2.1, it suffices to show that for every constructible sheaf
is a finitely generated Λ-module. First we consider the case where Z is open in X s . Denote by j : Z ֒−→ X s the natural open immersion. Since X s is noetherian, j is quasi-compact, and thus is of finite type. Therefore by Gabber's finiteness theorem ( [Ga] 
x is a finitely generated Λ-module, as desired. Next we consider the case where Z is closed in X s . By the exact sequence 
we may reduce to the closed case. Now the proof is complete. Remark 2.3. If Z comes from a locally closed subscheme of X s , then by the similar method as in the proof of Proposition 2.1, we may avoid Gabber's deep theorem.
Proof. We use the same notation as in the proof of Proposition 2.1. First, [SGA7, Exposé XIII, 2.1.13] ensures the vanishing of (
On the other hand, since we have
(for the second isomorphy, see [Il, Théorème 4.2] ), the two Λ-modules
Let B be a V -algebra and G a finite group of V -algebra isomorphisms of B. Put
Proposition 2.5. Assume that the cardinality of G is prime to ℓ, π is finite, and
Then for every integer k we have an isomorphism
Proof. For a Λ[G]-sheaf F over a scheme, we denote by
G . It is easy to see that this functor is exact (by the assumption on the cardinality of G) and commutes with pull-back and derived push-forward. Therefore it also commutes with local cohomology and nearby cycle functor.
Since
is anétale Galois covering with the Galois group G, we have
Remark 2.6. By the standard method, we may prove the analogous results as Proposition 2.1, 2.2, 2.4, 2.5 for Λ = Q ℓ or Λ = Q ℓ , an algebraic closure of Q ℓ .
Review of the Lubin-Tate tower
In this section, we briefly recall basic definitions about the Lubin-Tate tower. First we will introduce notation used in the sequel. Let F be a complete discrete valuation field with finite residue field F q . We denote the ring of integers of F by O and fix a uniformizer ̟ of O. Let V = (O ur ) ∧ be the completion of the maximal unramified extension of O. Denote the residue field of V by F. As in the previous section, we write s (resp. η) for the closed (resp. generic) point of S = Spec V .
Fix
It is known to be unique up to isomorphism. Let C be the category whose objects are complete noetherian local V -algebras with residue fields isomorphic to F by the structure morphisms, and whose morphisms are local V -algebra homomorphisms. For an integer m ≥ 0, consider the covariant functor Def m : C −→ Set that associates A with the set of isomorphism classes of triples (G, ι, φ) , where G is a one-dimensional formal O-module over A, ι : 
× . This is equivalent to saying that the element In fact, A m is algebraizable, that is, it can be obtained from a scheme of finite type over V by taking completion at a closed point on the special fiber. 
. This g mm ′ is compatible with the transition maps of (X m ) m≥0 . Moreover, for another
Therefore we get the right action of GL d (F ) 00 on the tower (X m ) m≥0 regarded as a pro-object (cf. [SGA4, Exposé I, 8 .10]) of schemes over V . We extend this action to
0 by letting the action of ̟I d be trivial (here I d denotes the identity matrix). Note that, in particular, K 0 acts on each A m on the left and X m on the right. The description of this action is very simple; i) The morphism X m ′ ,η −→ X m,η induced by p mm ′ is a Galoisétale covering with
Definition 3.4. For an integer k, we put H k,0
LT .
Recall that a Q ℓ -representation V of a totally disconnected locally compact group G is said to be smooth if the stabilizer of every element of V is an open subgroup of G. If moreover, for every compact open subgroup K of G the fixed part V K is finite-dimensional, then V is said to be admissible. An admissible Q ℓ -representation V of GL d (F ) is said to be supercuspidal if it does not appear as a subquotient of parabolically induced representations from any proper Levi subgroup.
The main theorem of this paper is the following:
LT is admissible and has no supercuspidal representation as a subquotient.
Proof of the main theorem
First we recall the natural stratification of X m , which is essentially introduced in [St] . 
Proof.
i) It is sufficient to show that the ideal of A m generated by the element
is an element of A 0 [[T ]] whose constant term is ̟. Therefore, by comparing the constant terms of both sides of the equation
we get the desired result.
ii) For simplicity, we write m for the maximal ideal of A m . First note that φ
We may assume that rank J ≤ rank J ′ . Take a primary decomposition
is a prime ideal and we have
iii) It is an easy consequence of ii) and
Lemma 4.3. Let A be an object of the category C, m ≥ 1 an integer, and (G, ι, φ) a triple that appeared in the definition of Def m (A). Assume that A is an integral domain. Then Ker φ is a direct summand of
Proof. First note that a finitely generated O/̟ m O-module M is free if and only if the following condition holds:
for every x ∈ M with ̟x = 0, there exists an element y ∈ M such that x = ̟ m−1 y.
Indeed, it is easy to see that the condition above is equivalent to Tor 1 (M, O/̟O) = 0, which is equivalent to the flatness of M.
In order to show that Ker φ is a direct summand, it suffices to show that Im φ is a free O/̟ m O-module. We will verify the condition above.
× , we have
. This completes the proof. 
Moreover, for 1 ≤ m ≤ m ′ , it is easy to see that under the isomorphism above the projection
We denote the image of J ∈ S m,h under this map by g −1 J. Then, the morphism g mm ′ :
is open and closed in p
), and thus we have the inductive h,k,0) and V (h,k) = Ind
Proposition 4.7. Let k and h be integers with 1 ≤ h ≤ d − 1.
i) The P h (F ) 0 -representation W (h,k,0) is admissible.
ii) We have an isomorphism V (h,k,0) ∼ = Ind
iii) The unipotent radical of P h (F ) acts on W (h,k) trivially.
iv) There is no supercuspidal subquotient of V (h,k) . 
Proof
(the second isomorphism is the one given in the proof of [Bo1, Lemme 13.2] 
(X m,s , Rψ Xm Q ℓ ).
